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Flexible fibers in shear flow: attracting periodic solutions
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The dynamics of a single flexible fiber in shear flow is evaluated numerically, in the absence of
inertia and Brownian motion. A wide range of ratios A of bending to hydrodynamic forces and
hundreds of initial configurations are considered. We demonstrate that flexible fibers in shear flow
exhibit much more complicated evolution patterns than in case of extensional flow, where transitions
to higher-order modes of characteristic shapes are observed when A exceeds consecutive threshold
values. In shear flow, we identify the existence of different families of attracting periodic and close
to periodic motions which, together with a highly ordered steady mode, dominate the typical long-
time evolution of fiber shapes, depending on A and the initial orientation. The most common
transient motions, typical for the relaxation phase, are also determined, including close to periodic
oscillations. For dilute suspensions of flexible fibers, within a narrow range of A, the existence of
a highly ordered phase is predicted, with the fibers stretched and oriented parallel to the vorticity
direction.
In nature and modern technologies, there are many
systems containing elongated, flexible, micrometer and
nanometer scale objects deforming and moving in a fluid
flow [1]. Examples are micro-swimmers such as bacte-
ria and their flagella, actin [2–4], large proteins or DNA
molecules [5], and micro- or nano-fibers [6–10]. Flex-
ibility leads to complex dynamics with buckling [11],
coil-stretch transitions [2, 12–14], migration across the
streamlines of a flow [15–21], knotting [22–25] and a va-
riety of deformed shapes [26–31]. Similar complexity of
dynamics has been observed for flexible filaments in elec-
tro kinetic fields [32] or sedimenting due to gravity[33–
40].
A basic question in all of these configurations is how
the dynamics and shapes of deformable elongated ob-
jects in flow depend on their flexibility. This problem
has been investigated extensively at macro and nano
scales for fibers in extensional, cellular and corner flows
[2, 8, 14, 41]. For example, it has been shown that the
typical pattern of a fiber’s evolution in extensional flow
is related to consecutive threshold values of the charac-
teristic ratio A of bending to hydrodynamic forces ex-
erted by the fluid flow. When these values are exceeded,
higher-order modes of the fiber shape are activated, with
shorter characteristic length scales of elastic deformation
[2–5, 13, 14]. In extensional flow, there exists a family of
characteristic, well-defined shapes.
However, in general, the fiber deformation that occurs
may depend on the type of flow [5, 12, 42]. Shear flows
typically occur owing to the presence of container walls,
and so are of practical and fundamental interest. There-
fore, in this Letter we study dynamics of a single flex-
ible fiber immersed in steady shear flow with velocity
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v = γ˙zex, where ex is the unit vector along x and γ˙ is
the shear rate. The Reynolds number of the system is as-
sumed to be much smaller than unity and the fluid flow
satisfies the quasi-steady Stokes equations.
In this Letter we provide a new perspective on the
evolution of fiber shapes in shear flow. While a rigid
straight fiber in a low-Reynolds-number shear flow fol-
lows a periodic Jeffery orbit [43] (the specific orbit de-
pends on the initial orientation), the motion and defor-
mation of a flexible fiber is more complicated. We show
that after a relaxation phase, a flexible fiber is attracted
to one of several stationary, periodic or close to peri-
odic solutions, with different typical sequences of shapes
and orientations. Features of these characteristic solu-
tions, their presence or absence, stability or instability,
and basins of attraction depend on the ratio A of local
bending Eπd2/64 to hydrodynamic πηγ˙d2 forces, where
E is the Young’s modulus, d is the fiber diameter and
η is the fluid’s dynamic viscosity. Therefore, by chang-
ing A = E/(64ηγ˙), different structures and patterns of
motion of dilute suspensions of flexible fibers can be ob-
tained. The local bending-to-hydrodynamic ratio A is re-
lated to the elasto-viscous number µ¯ = 8(L/d)4/A, which
depends on the fiber length L [4].
One significant finding described below is that for cer-
tain values of A ≈ 4 − 5, fibers typically tend to align
with the vorticity of the undisturbed flow. This result
indicates a possibility to observe experimentally an or-
dered, dilute suspension of flexible fibers where all fibers
are straight and aligned with the vorticity direction. We
suggest that this ordered phase could be produced by ad-
justing the shear rate to reach the appropriate range of A.
We are not aware of any such experimental observations.
As we document in this Letter, in shear flow (in con-
trast to extensional flow), the value of the bending-to-
hydrodynamic ratio A does not uniquely determine the
type of the fiber shape. This conclusion is based on two
2main features of the dynamics. First, for the same value
of A, depending on the initial configuration or orienta-
tion, an elastic fiber evolves to a different characteristic
sequence of shapes. Moreover, long-lasting, chaotic tran-
sients are typical: we document close to periodic motions
that later spontaneously change into periodic motions
with different shape sequences.
The fiber is modeled [44] as a chain of N=40 spherical
beads of diameter d, with centers of the consecutive beads
connected by springs of the equilibrium length ℓ0=1.02d
and the potential energy Es= kˆ
∑
i
(ℓi−ℓ0)
2/2. Here kˆ is
the spring constant and ℓi is the distance between centers
of beads i and i−1. We assume that the dimensionless
elastic resistance ratio k = kˆ/(πηdγ˙) is large, k = 1000,
which leads to an almost constant fiber length.
At equilibrium, the fiber is straight; its deformation
costs energy Eb = Aˆ
∑
i
(tˆi+1− tˆi)
2/(2ℓ0), dependent on
the bending resistance Aˆ=Eπd4/64. Here tˆi is the unit
vector parallel to the relative positions of the centers of
beads i and i−1. We assume that the dimensionless
bending-to-hydrodynamic force ratio (relative bending
stiffness) A= Aˆ/(πηd4γ˙) varies in the range of moderate
values 4≤A≤ 40, where most of the fibers subsequently
deform and straighten while tumbling [45]. The length
and time units are, respectively, d and 1/γ˙.
To investigate the characteristic features of the flexi-
ble fiber dynamics in shear flow, we consider the following
family of initial conditions. We assume that at t = 0 the
fiber is straight and that all of the springs between the
beads are at their equilibrium lengths [26–28, 42]. The
initial orientation of the fiber is given by the orienta-
tion of the end-to-end vector n0 that links the centers of
the first and the last beads; n0 is parameterized by the
spherical angles Θ0 and Φ0, as indicated in Fig. 1(a).
We consider the whole range of the initial orientations.
To study the fiber evolution, we analyze the time de-
pendence of the end-to-end vector n(t) = (δx, δy, δz),
shown in Fig. 1(b). We denote the vector length as
∆L(t) = |n(t)|, and parameterize its orientation by the
angle Θ(t) between n(t) and the vorticity direction y,
FIG. 1: Evolution of a flexible fiber in shear flow: notation.
and the angle Φ(t) between the projection of n(t) on the
xz plane and the x axis. Initially, n(0)=n0, Θ(0)=Θ0,
Φ(0)=Φ0 and ∆L(0)=L0 ≡ (N − 1)ℓ0.
Here we systematically investigate how the fiber’s dy-
namics and shape evolution depend on the relative bend-
ing stiffness A and the initial orientation (Θ0,Φ0). The
dynamics of each bead are determined using a multipole
expansion, corrected for lubrication effects [46], and im-
plemented in the Hydromultipole numerical code.
Our most significant finding is that depending on the
initial orientation and bending stiffness, the fiber is at-
tracted to one of three distinct stationary or periodic
solutions. The characteristic properties of these evolu-
tion patterns are illustrated in Fig. 2 and Movie 1, for
A=10 and three different initial orientations, (Θ0,Φ0) =
(5◦, 10◦), (45◦, 30◦), and (10◦, 10◦). The colors blue, red
and green indicate time-dependent modes attracted to
different stationary or periodic solutions. In the follow-
ing these attractors will be called “rolling”, “tumbling”
and “periodic meandering”, respectively. The results in
Fig.2 are focused on the relaxation phase after which the
attractors are reached.
FIG. 2: Different modes of the dynamics, approaching different attractors: (a) rolling (blue), (b) tumbling (red), (c) meander-
ing (green). Examples shown are for A=10 and different orientations (Θ0,Φ0) of the initial end-to-end vector n0 as indicated.
The orientation angle Θ of the end-to-end vector n is plotted versus time. Shape evolution of the fibers is also shown in the xy
and xz projections for the time window indicated. In (c) the transient squirming (close to periodic) sequence of shapes is shown,
approximately repeating after t≈305. Snapshots are taken at (a) t=640, 675, 710, 759, 808, 862, 885; (b) t=50, 78, 84, 90, 118; (c)
t=615, 660, 690, 720, 766.
3FIG. 3: Attracting periodic solutions for A=10: meandering (green) and tumbling (red), reached from the same initial orienta-
tions as in Fig. 2. (a,b) Periodic shape sequences. Snapshots are taken at t=t0+τ , with (a) t0=99556, (b) t0= 4653, and τ as
indicated. (c) xy and xz projections of the end-to-end periodic trajectories, plotted for tend − 800 < t < tend, with tend = 10
5
for meandering, and tend=15000 for tumbling trajectories. The rolling stationary configuration is marked by blue dots.
The relaxation time can be very long, of the order of
thousands of dimensionless units, as it can be seen in
Fig. 2. Moreover, long-lasting, close to periodic, tran-
sient motions (different from tumbling and meandering),
which we will call “squirming”, can appear in the relax-
ation phase, as shown in Fig. 2(c) and Movie 1. Squirm-
ing motions are typically present for a wide range of ini-
tial orientations and values of A, and in all the modes -
those that tend to meandering, rolling or tumbling solu-
tions.
The attracting character of the rolling and tumbling
solutions have been identified previously as the generic
feature of the flexible fiber dynamics, and the correspond-
ing dynamical modes have been called by the same names
as their attractors [23, 27, 28]. The rolling mode (also
called spin-rotation [27], or log rolling) is shown at early
times in Fig. 2(a) and Movie 1. In this mode, the fiber
end-to-end vector tends at long times to the vorticity (y)
direction, i.e. Θ→0. Moreover, all the fiber beads rotate
around y, and tend to align along y. The tumbling mode
is shown at early times in Fig. 2(b) and Movie 1. In this
mode, the fiber end-to-end vector tends at long times to
the xz plane (Θ→90◦).
Surprisingly, we discover that there exists a third dy-
namical evolution, illustrated in Fig. 2(c)-3, Movies 1-2,
and Figs. 9-11 in Supplemental Material – an approach to
an attracting three-dimensional “periodic meandering”
solution, with Θ oscillating periodically in time. To the
best of our knowledge, such a behavior has not been ob-
served before.
We characterize the three modes as illustrated in Movie
3 – by plotting the trajectories drawn by the tip of the
end-to-end vector n(t) = (δx, δy, δz). The results are
shown in Figs. 6-8 in the Supplemental Material.
The three modes presented in Fig. 2 tend to three dif-
ferent attracting solutions that are compared with each
other in Fig. 3. In the rolling solution, the fiber is
straight, with ∆L/L0→ 1, and it spins along y. In the
tumbling/periodic solution (period T = 181), the fiber
end-to-end vector tumbles around the vorticity direction
while the fiber straightens along the flow and then be-
comes coiled, with large-amplitude oscillations of ∆L/L0.
The evolution of shapes in the periodic meandering
and tumbling solutions are presented in Fig. 3(a,b) and
Movie 2. Periodic meandering (period T = 735) does
not destabilize during simulations with more than 130
periods and it differs significantly from the Jeffery orbits
[43], and the tumbling motions, as shown in Fig. 3 (see
also Movie 2 and Fig. 10 of the Supplemental Material).
As illustrated in Fig. 3(c), the ordering of the end-to-
end vector is different for each of these attractors, with
the corresponding mean values 〈δy/L0〉 well-separated
from each other.
We have also systematically investigated how the evo-
lution pattern depends on the fiber’s initial orientation
(Φ0,Θ0) for different values of the bending stiffness ratio
A. The most important findings are illustrated in Fig-
ure 4 for 4 ≤ A ≤ 40. Flexible fibers with A=4 belong to
the rolling mode (blue dots) for all the initial orientations
other than in the xz plane (Θ0 = 90
◦). For rather stiff
fibers with A=40, the tumbling mode (red dots) domi-
nates for most of the initial orientations, excluding some
of those that are very close to the vorticity direction and
lead to the rolling mode (blue dots).
For fibers of a moderate stiffness A= 10, there exists
a range of the initial orientations that correspond to the
periodic mode, with the same attracting periodic mean-
dering orbit. This range, marked in Fig. 4 by green dots,
is approximately contained between two black solid lines,
which indicate the initial conditions that lead to a sin-
gle Jeffery solution of an effective rigid spheroid. The
differences between these Jeffery orbits and the periodic
meandering and squirming solutions are discussed in the
Supplemental Material, see Figs. 7,8 and 10.
The dependence of the long-time solution on the bend-
ing stiffness A, for the initial orientations with Φ0 = 10
◦
and different values of Θ0, is shown in Fig. 4d. The at-
tracting periodic or close to periodic meandering motions
(green dots) are visible for 9 ≤ A ≤ 12. (Examples of
close to periodic meandering solutions are shown in the
Supplemental Material in Figs. 12-13.) It is interesting
to observe that for A = 7.3, some of the initial orienta-
4FIG. 4: Modes of flexible fiber dynamics for different ini-
tial orientations (Φ0,Θ0) and relative bending stiffness A; (a)
A=4, (b) A=10, (c) A=40, (d) Φ0 = 10
◦. The color indicates
convergence to a specific attractor: rolling (blue), tumbling
(red), periodic meandering (green dots) or periodic squirming
(green diamonds for A=7.3).
tions are attracted to another three-dimensional periodic
orbit, corresponding to the squirming solution (marked
by green diamonds).
The results shown in Fig. 4 indicate that there exist
well-defined ranges of the fiber bending stiffness in which
different solutions dominate. This result is significant for
dilute suspensions of flexible fibers where hydrodynamic
interactions between fibers are weak. In particular, our
results (Fig. 4a) predict the existence of an ordered phase
with all (or almost all) the fibers straightened out and
parallel to each other (and to the vorticity direction),
for a narrow range of values of the ratio A of bending to
hydrodynamic forces (4 ≤ A < 6 for N = 40). This range
can be reached (or avoided) by adjusting the shear rate.
Therefore, it should be possible to control the ordering
of flexible fibers in dilute systems.
The main result of this Letter is that there exist peri-
odic and close to periodic three-dimensional motions of
a flexible fiber in shear flow. The meandering periodic
solution is an attractor for a certain range of the relative
bending stiffness A. The squirming motion is a tran-
sient in this range, and an attractor in a narrow range of
smaller values close to A=7.3. Our results indicate that
a change of the relative bending stiffness A may trigger
a transformation between different periodic (or close to
periodic) solutions, and the corresponding change of the
characteristic sequence of three-dimensional fiber shapes.
We have demonstrated that the complexity of a flexible-
fiber shape (and in particular the number of local maxima
of the curvature) may change significantly with time. A
more detailed study of periodic and close to periodic mo-
tions of flexible fibers in shear flow, for a wide range of
the bending stiffness A, will be presented elsewhere.
Finally, we comment on possible comparisons with ex-
periments. In Refs. [3, 4], quasi-2D trajectories of actin
were investigated, with the focal plane of the motion per-
pendicular to the vorticity direction. The viscoelastic
number µ¯ = 8(L/d)4/A ≈ 2.2×106, i.e. the largest value
of µ¯ analyzed in Ref. [4], corresponds to A=10 for our
system. Indeed, for A=8 we recover a shape evolution
similar to Movies 5 and 6 from [4], with U turns and S
turns that appear irregularly.
However, we observe that more stiff fibers, after a long
time, approach the periodic tumbling motion, with the
S-turns only, as illustrated in Fig. 5. These shapes are
different from the C-turns observed in [4]. More detailed
study would be needed to understand the reason for such
a difference. The obvious differences are that the fibers
we study do not perform Brownian motion and are much
shorter than actin. Moreover, in Ref. [4], the simulations
were performed in 2D and the experiments were carried
out in a bounded geometry. Finally, we note that even
a very small curvature of the external flow can have a
FIG. 5: Shapes of fibers which perform periodic tumbling
motion are shown at the flipping time, defined as the time
when the end-to-end vector is perpendicular to the flow. The
values of the bending stiffness A are indicated. Initially,
(Θ0,Φ0) = (90
◦, 0◦). A detailed study of the quantitative
features of the fiber shapes as a function of A will be pub-
lished in the future.
5drastic influence on flexible fiber shapes [20].
As a last remark, we suggest searching for three-
dimensional, periodic motions in experiments. Our
estimates indicate that they appear in the range of the
bending stiffness accessible in experiments. With this
goal in mind, we highlight the need to perform video
recordings in the xy (flow-vorticity) plane where the
characteristic repeatable evolution of shapes should be
visible.
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